We study creation-annihilation processes associated with face maps on cellar complecies and develop a quantum probabilistic approach to the category of cellar complecies and cellar maps. We show that the join operation of cellar complecies induces a process on the symmetric toy Fock space, due to its commutativity. We investigate a chain complex defined by a set of binary trees, of which face maps define a large graph with multiple edges in contrast to the case of Cayley and distance regular graphs. As a result we obtain a one-mode interacting Fock space with Jacobi parameters ω k = 2(2k + 1)(k + 2).
An introductory example
In algebraic probability theory, spectral analysis of adjacency matrices of discrete graphs has been studied as a discrete-time analogy of quantum stochastic process, where a pair of operators, the creation and annihilation, plays most fundamental roles. Let us consider a discrete graph (V, E) with a set V of vertices and a set E of edges. Here we allow multiple edges (or parallel arcs) and then E ⊂ V 2 . Suppose that the vertex set V is graded as a disjoint union V = ∞ k=0 V k with V 0 = {x 0 }, and for each k, the numbers of the edges ω + (x) = {e ∈ E | e joins x and y ∈ V k−1 } and ω − (x) = {e ∈ E | e joins x and y ∈ V k+1 } are independent of the choice of x ∈ V k respectively. This homogeneous property allows us to define the "creation" and "annihilation" operators on the Hilbert space l 2 (V ), and their behavior, the creation-annihilation process (CA-process for short), is described in terms of the one-mode interacting Fock space. 1 In the previous studies, 456 we have introduced the quantum decomposition method to the spectral analysis of adjacency matrices of Cayley graphs associated with discrete groups and distance regular graphs, where we have seen that the homogeneous property of ω + and ω − sets is satisfied asymptotically, and we have developed a quantum probabilistic approach to the subject.
In this paper, we extend such a quantum probabilistic approach to the category of cellar complecies and cellar maps. We study two cases. In section 2, we consider a CA-process associated with the join of simplical complecies. Since the join operation is commutative, the limit process on the join of infinitely many complecies is described on the symmetric toy Fock space illustrated in Meyer's book 10 (Theorem 2.1). In section 3, we consider a chain complex defined by the set of binary trees. 3 In contrast to the case of simple graphs such as Cayley or distance regular ones, the set of binary trees and face maps define a graph with multiple edges. The associated CA-process is described on the one-mode interacting Fock space with Jacobi parameters ω k = 2(2k + 1)(k + 2) (Theorem 4.1).
Let us start with an example of a CA-process on an infinite dimensional Euclidean simplex. An n-dimensional Euclidean simplex ∆(n) or n-simplex is a convex hull of independent n + 1 vertices
Vn gives a simplical complex structure ∆(n) = (V n , Σ n ), that is, a) σ ∈ Σ n and σ ⊂ σ then σ ∈ Σ n , and
By definition, the convex hull of any proper subset s ⊂ V n defines a simplex σ, called a face of ∆(n). ∆ k (n) stands for the set of all k-simplecies in ∆(n), that is, simplecies in ∆(n) consist of k + 1 vertices. The join of any face σ and any vertex v ∈ σ, σ * {v}, i.e., the convex hull of the set s ∪ {v}, is again a face of ∆(n). Conversely, for any face σ and vertex v ∈ σ there exists a unique face σ such that σ = σ * {v}, denoted by σ = σ/{v}. Then we have locally defined simplical maps
From a combinatorial point of view, these maps are described as
Our interest is in the limit behavior of two linear operators
for k ≥ 0, where we put ∆ −1 (n) = {∅}, then we have
and, putting Φ
One sees that as n → ∞, the CA-process associated with a † n and a n on the space Γ(∆(n)) = ⊕ ∞ k=0 CΦ (n) k converges to the CA-process on the one-mode interacting Fock space with Jacobi parameters {w k = k, α k = 0}. This system is identified with the toy Fock space illustrated in Meyer's book. 
By definition, one sees the followings.
Lemma 2.1 For finite simplical complecies K i disjoint each other, one has
be a sequence of finite simplical complecies with vertices, i.e., 0-faces,
One sees that by the definition of a simplical complex, for any simplex σ ∈ ΣK(n) and any vertex v ∈ V K(n) with v ∈ σ there exists a unique simplex σ/{v} that is a face of σ. Note that dom(s v ) is identified with a link complex Link({v}, K(n)) in the combinatorial topology. The simplical maps s v and d v are then given by
Let C K k (n) be a C-vector space freely generated by k-simplecies K k (n) with a canonical inner product σ 1 |σ 2 = δ σ1σ2 . We extend the maps to linear operators on a Hilbert space
Let us consider a CA-process associated with operators
One sees that for any
We assume a bounded condition for the vertices V i of the sequence (
Lemma 2.2 For k ≥ 1 and n ≥ 0, we have
Proof. By definition of K(n), one sees that any simplex σ ∈ K k (n) has a unique expression
Fix the sequence (k 0 , . . . , k l ) and assume that k p > 0 and then l < k. It follows from the assumption (1) that the number of k-simplecies in K(n) of the form (2) is at most
The number of choice of (k 0 , . . . , k l ) with (k i + 1) = k + 1 and l < k is 2 k − 1. One sees then
Proof. By Lemma 2.2, we have #K
By definition, we then have
Hence the assertion follows.
We define vectors in
for k ≥ 0, where we put K −1 (n) = {∅}. By Lemma 2.3 and 2.4, we have
and a n Ψ
Putting Φ
and a n Φ (n)
Let us consider a one-mode interacting Fock space Γ(K) which is a completion of an orthogonal sum ⊕ ∞ k=0 {CΦ k , (·|·) k } where the scalar product is given by
The creation a † and annihilation a are respectively defined by
where ω k+1 is a Szegö-Jacobi parameter 1 given by λ k+1 /λ k = k + 1. We come to a conclusion.
Theorem 2.1 Given a sequence (K
i = (V i , Σ i )) ∞ i=1 of
finite simplical complecies disjoint each other which satisfies the assumptions (1). Then we have a limit for any k, l ≥ 0 and any finite sequence ( i ∈ {±}),
where we write a + n = a † , a − n = a n , a + = a † and a − = a, that is, the CAprocess on Γ(K(n)) associated with a † n and a n converges in moments to the CA-process on Γ(K) with the Szegö-Jacobi parameters (ω k = k), which is identified with a symmetric toy Fock space. 10 
Proof. It follows from Lemma 2.3 that for v
where · stands for the canonical norm ·|· . We see a n v
by a similar way. The assertion then follows from (3), (4) and (5).
The set of binary trees and its almost-simplical structure
A tree is a connected acyclic graph. A binary tree is a tree consists of external vertices i.e., vertices of degree 1, and internal vertices of degree 3. We fix an external vertex and call it the root. The remaining external vertices are called leaves. Y n denotes the set of binary trees with n + 1 leaves, which are labeled as 0, 1, . . . , n from left to right, and we call its element n-tree. Let (0) and (01) stand for the unique 0-tree and 1-tree respectively. 2-trees are obtained by substitution and re-labeling of leaves
We define inductively substitution and re-labeling maps
what we call the i-th degeneracy map 3 9 . One sees that every k-tree is expressed by parenthesis and labels {0, . . . , k}: each label i in the expression corresponds to the i-th leaf and each pair of parentheses "(" and ")" corresponds to a internal vertex (excepting 0-tree (0)). It is then shown that the number of k-trees is given by the Catalan number 7 (2k)!/k!(k + 1)!. The degeneracy map is one of the grafting operations on binary trees. For y 1 ∈ Y p , y 2 ∈ Y q and 0 ≤ i ≤ p, we define (p + q)-tree y = s i (y 1 ; y 2 ) by substituting y 2 for the i-th leaf of y 1 ,
and re-labeling the leaves of y 1 as 0, 1, · · · , p + q from left to right. One then sees s i (y) = s i (y; (01)). Let (x) be a parenthesized block, i.e., an internal vertex, of a k-tree y. One sees then there exists a unique pair (i, z) of an integer i and a binary tree z such that y = s i (z; (x)). The left grafter l (x) and the right grafter r (x) are grafting operations (01); (x))) and r (x) (y) = s i (z; s 0 ((01); (x))) respectively (see Frabetti  3 ). For instance, the 3-tree y = ((0(12))3) is expressed as y = s 1 (( (01)2); (12)) and then (12)3))4).
The i-th face map 3 9 is the map
which is a deletion of the i-th leaf and re-labeling. For instance, (01)2) and
Remark. In the study of the set of planar binary trees by Frabetti 3 , it is shown that the set of binary trees (Y k , d i , s i ) has the almost-simplical properties:
It is shown that the chain complex of binary trees is acyclic. We note that the set of binary trees occupies an important role in the studies of dialgebra homology theory. 3 9 4 A CA-process on the set of binary trees
We define the set
Proof. We note that any k-tree y ∈ Y k has k + 1 leaves and k internal vertices.
, and hence (i, s i (y)), (i + 1, s i (y)) ∈ ω − (y). Let (x) be a parenthesized block in y. max(x) (resp. min(x)) stands for the largest (resp. smallest) label appears in the block (x). By definition, we see For a k-tree y, I(y) stands for the set of all parenthesized blocks i.e., the set of internal vertices of y. We define the sets for each Let us construct a CA-process on the set of binary trees. C Y k denotes a C-linear space freely generated by k-trees with a canonical inner product x|y = δ xy for x, y ∈ Y k . Let us put a vector
The face map d i and degeneracy map s i are linearly extended to the maps
by a canonical way. For a parenthesized block (x) ∈ ∪ y∈Y k I(y), the left and right grafters are extended to the linear maps C Y k → C Y k+1 given by l (x) (resp. r (x) ) : y → l (x) (y) (resp. r (x) (y)), if (x) ∈ I(y), 0, otherwise .
We then define the creation a
and the annihilation a :
Here I(Y ) stands for the set of all parenthesized blocks which appear in binary trees, I(Y ) = ∪ ∞ k=1 ∪ y∈Y k I(y). It follows from Proposition 4.1 and 4.2 that we have Summing up, we have the following result. Theorem 4.1 The CA-process on the set of binary trees {Y k } associated with the creation a + of (6) and the annihilation a of (7) is described on the onemode interacting Fock space Γ(Y ) with Szegö-Jacobi parameters ω k+1 = 2(2k+ 1)(k+2), which is a completion of the orthogonal sum ⊕ ∞ k=0 {CΦ k , (·|·) k } where the scalar product is given by (zΦ k |wΦ k ) k = λ kz w, z, w ∈ C, λ k = (2k)!(k + 1).
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